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ON MIYAWAKI LIFTS WITH RESPECT TO HERMITIAN MAASS LIFTS
NOZOMI ITO
Abstract. In this paper, we discuss the representation-theoretical Miyawaki lift for unitary groups in terms
of the endoscopic classification. We give an explicit determination of Miyawaki lifts for U(1) and U(3) with
respect to Hermitian Maass lifts, namely Ikeda lifts for U(4).
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1. Introduction
In [Ike06], Ikeda gave a lifting of Siegel modular forms using diagonal restrictions of Ikeda lifts [Ike01] as
kernel functions and described the L-functions of the liftings under the assumption that they do not vanish.
The lifting is called the Miyawaki lift. Today, there exist some analogues and generalizations of the Miyawaki
lift [AK18], [KY18], [Ato17b].
The main reason why the Miyawaki lift works is that almost all local components of automorphic represen-
tations generated by Ikeda lifts are (quotients of) degenerate principle series. Since diagonal restrictions of
degenerate principle series have simple branching laws on unramified representations (see [Ike06, Proposition
3.1] or [GT16a, Lemma 2.2]), we can determine the near equivalence classes of Miyawaki lifts.
Based on above, we can redefine the Miyawaki lift representation-theoretically and relatively axiomatically
by using the endoscopic classification (see [Art13], [Mok15], [KMSW14]). In this paper, we treat this in the
case of unitary groups mainly (see §3 for more details).
Let F be a number field and E a quadratic extension of F . Let V = V1 ⊥ V2 be a 2n-dimensional
nondegenerate Hermitian space over E which is decomposed into an m-dimensional nondegenerate subspace
V1 and a (2n−m)-dimensional nondegenerate subspace V2, where m ≤ n. Then there is a natural injection
i : U(V1)×U(V2) ↪→ U(V ),
where U(V ′) is the isometry group of an Hermitian space V ′. Let Π and pi be discrete automorphic repre-
sentations of U(V )(AF ) and U(V1)(AF ), respectively, where AF is the adele ring of F . We assume that the
A-parameter of Π is equal to
ψ := φ2[n] = φ2  [n],
where φ2 is a generic A-parameter of GL2(AE) with some conditions (see §3) and [n] is the n-dimensional
irreducible algebraic representation of SL2(C). By this assumption, almost all local components of Π are
degenerate principle series. In addition, we assume that
Mψ(ψ′) := ψ′∨  φ2[n−m]
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2 NOZOMI ITO
is a discrete A-parameter of U(V2), where ψ
′ is the A-parameter of pi. For F ∈ Π and f ∈ pi, we define
MF (f) by
MF (f)(g2) := 〈F ◦ i(·, g2), f〉U(V1), g2 ∈ U(V2)(AF )
as long as it converges, where 〈·, ·〉U(V1) is the Peterson inner product on U(V1)(AF ). IfMF (f) converges for
all F ∈ Π and f ∈ pi, we define MΠ(pi) as the representation of U(V2)(AF ) generated by all MF (f). Then,
thanks to the above assumptions,MΠ(pi) is discrete and all irreducible constituent ofMΠ(pi) have the same
A-parameter Mψ(ψ′) if MΠ(pi) is square integrable.
Following [Ike06], we call MΠ(pi) the Miyawaki lift of pi with respect to Π. Our interest is to determine
MΠ(pi), namely to answer the following three questions:
Questions. (1) When is MΠ(pi) square integrable?
(2) When is MΠ(pi) nonzero?
(3) What are irreducible constituents of MΠ(pi) (in the sense of the endoscopic classification)?
Our main result is to answer the above questions in a low rank case.
Theorem 1.1 (Theorem 3.12). If V = H2E is the direct sum of two hyperbolic plane and m = 1, thenMΠ(pi)
is zero or irreducible cuspidal automorphic representations. Moreover, the equivalence classes ofMΠ(pi) can
be determined explicitly.
This paper is organized as follows. In §2, we review the endoscopic classification for quasisplit unitary
groups. In §3, we reformulate the Ikeda lift and the Miyawaki lift in sense of the endoscopic classification. In
§4, we show that Hermitian Maass lifts, namely Ikeda lifts on U(H2E)(AF ), can be described by theta lifts.
In §5, we prove the main theorem.
Acknowledgment. The author would like to thank my adviser Prof. Atsushi Ichino. Thanks to his helpful
advice, I could complete this work.
Notation. Throughout the paper we denote by F a global or local field with characteristic 0 and by E a
quadratic extension (resp. etale quadratic algebra) of F if F is a global (resp. local) field. We denote by c
the nontrivial F -automorphism of E. We fix a tracezero element κ of E× and let d = κ2 ∈ F×.
We suppose that F be a local field. Then, we denote by | · |F the normalized absolute value on F× and
we define | · |E by |z|E = |zzc|F (z ∈ E×).
We suppose that F is a global field. Then, We denote by Fv the completion of F with respect to a place
v of F and by Ev the tensor product Fv ⊗F E. We denote the rings of adeles of F and E by AF and
AE , respectively. Furthermore, we denote the idele norm ⊗v| · |Fv on A×F by | · |AF and we define | · |AE by
|z|AE = |zzc|AF (z ∈ A×E).
Let G be an algebraic group over F . If F is a local field, we often identify an algebraic group G over F
with the group of F -rational points G(F ) of G. If F is a global field and v is a place of F , we define a group
Gv over Fv by Gv(R) = G(R) for any Fv-algebra R.
We denote by ψF a fixed nontrivial additive character of AF /F (resp. F ) if F is a global (resp. local)
field.
For n ∈ Z>0, let
Jn =
 1. . .
1
 ∈ GLn(Z).
We define the quasisplit (similitude) unitary group by
GU(n) = GUE/F (n) = {g ∈ ResE/FGLn | tgcJng = νn(g)Jn, νn(g) ∈ GL1},
U(n) = UE/F (n) = ker(νn).
For convenience, let GU(0) = GL1, ν0 = idGU(0), and U(0) = ker(ν0) = {1}. We often denote νn by ν for
short. We denote by B′n the Borel subgroup of GU(n) which consists of upper triangular matrices and let
B′n = M
′
nNn be its Levi decomposition. For U(n), let Bn = B
′
n ∩U(n) = MnNn, similarly.
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When F is a local field, we denote by τ1 × τ2 × · · · × τk o pi0 a normalized parabolic induction
Ind
GU(n)
P ′ τ1  τ2  · · · τk  pi0,
where
• l1, . . . , lk are positive integers such that n0 = n− 2
∑
i li ≥ 0,
• P ′ is the parabolic subgroup of U(n) containingB′n whose Levi subgroup is isomorphic to
∏
i ResE/FGLli×
GU(n0).
• τ1, . . . , τk, and pi0 are representations of ResE/FGLl1 , . . . ,ResE/FGLlk , and GU(n0), respectively,
• τ1  τ2  · · · τk  pi0 is regarded as a representation of P ′ through the map
P ′ 
∏
i
ResE/FGLli ×GU(n0)
g1 ∗ ∗ ∗ ∗ ∗ ∗
. . . ∗ ∗ ∗ ∗ ∗
gk ∗ ∗ ∗ ∗
g0 ∗ ∗ ∗
∗ ∗ ∗
. . . ∗
∗

7→ (g1, . . . , gk, g0)
(if n0 = 0, interpret g0 appropriately).
For U(n), we define τ1 × τ2 × · · · × τk o pi0 similarly.
2. Endoscopic classification for quasisplit unitary groups
The endoscopic classification is a classifying method for automorphic representations of some classical
groups established by Arthur [Art13]. The theory gives a multiplicity formula of automorphic discrete
representations using global A-parameters and characters of some (component) groups which depend on the
localizations of A-parameters.
In this section, we summarize some properties of the endoscopic classification for quasisplit unitary groups
proved by Mok [Mok15].
2.1. Local theory. Firstly we make a survey of the local endoscopic classification. Let F be a local field of
characteristic 0.
2.1.1. Local parameters. Let WF be the Weil group of F and let
LF =
{
WF × SL2(C) if F is nonarchimedean;
WF if F is archimedean.
We denote by Φ(U(n)) the set of conjugacy classes of L-parameters i.e. WF -homomorphisms
φ : LF →LU(n) = Û(n)oWF
where
• φ|WF is smooth,
• for any continuous representation
r :LU(n)→ GLM (C)
which is algebraic on Û(n), r ◦ φ(w, 1) is a semisimple element of GLM (C) for any w ∈WF ,
• if F is nonarchimedean, then the homomorphism
φ|SL2(C) : SL2(C)→ Û(n)
is algebraic.
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Here, Û(n) ' GLn(C) is the Langlands dual group of U(n). We denote by Φbdd(U(n)) the subset of Φ(U(n))
which consists of parameters φ ∈ Φ(U(n)) such that the image of φ(WF ) in Û(n) is bounded.
Let ψ : LF × SL2(C) →LU(n) be a homomorphism. We say that ψ is an A-parameter of U(n) if ψ|LF ∈
Φ(U(n)) and ψ|SL2(C) is algebraic. We denote by Ψ+(U(n)) the set of conjugacy classes of A-parameters of
U(n) and by Ψ(U(n)) the subset of Ψ+(U(n)) consisting ψ ∈ Ψ+(U(n)) such that ψ|LF ∈ Φbdd(U(n)). We
identify ψ ∈ Ψ+(U(n)) such that ψ|SL2(C) = 1 with ψ|LF ∈ Φ(U(n)). We regard Φ(U(n)) (resp. Φbdd(U(n)))
is a subset of Ψ+(U(n)) (resp. Ψ(U(n))) by this identification.
2.1.2. Conjugate selfdual parameters. Let E/F be a quadratic field extension. We defineWE and LE similarly
to WF and LF . We fix wc ∈ WF \WE . Let ψ′ be an N -dimensional semisimple complex representations of
LE×SL2(C) which satisfies that ψ′|WE is smooth and the restriction of ψ′ to each SL2(C)-factor is algebraic.
We define (ψ′)c by (ψ′)c(w) = ψ′(wcww−1c ) for w ∈ LE × SL2(C). For b = ±1, we say that ψ′ is conjugate
selfdual with parity b if there is a nondegenerate bilinear form B : Cn × Cn → C which satisfies that
B(ψ′(w)x, (ψ′)c(w)y) = B(x, y),
B(y, x) = bB(x, ψ′(w2c )y)
for any x, y ∈ Cn and w ∈ LE × SL2(C).
Since the action of WE on Û(n) is trivial, we regard ψ|LE×SL2(C) as an n-dimensional complex representa-
tion of LE×SL2(C) for ψ ∈ Ψ+(U(n)). Then the map ψ 7→ ψ|LE×SL2(C) defines a bijection between conjugacy
classes of A-parameters of U(n) and conjugacy classes of conjugate selfdual n-dimensional representations of
LE × SL2(C) with parity (−1)n−1. Thus we often identify these two forms and use each of them depending
on the context.
2.1.3. Component groups. For ψ ∈ Ψ+(U(n)), let Sψ be the set of elements of Û(n) which commute with
each element of the image of ψ. We put Sψ = Sψ/S0ψ and Sψ = Sψ/{±1nS0ψ}, where S0ψ is the connected
component of Sψ. We note that if E = F ×F , then Sψ is trivial. If not, we can decompose ψ as a direct sum
ψ =
(
l⊕
i=1
miψi
)
⊕ (ξ ⊕ ξ∗),
where
• ψi is a conjugate selfdual irreducible representation with parity (−1)n−1,
• if ψi = ψj then i = j,
• mi ∈ Z>0 is the multiplicity of ψi in ψ,
• ξ and ξ∗ = (ξc)∨ are representations of LE × SL2(C) which do not contain any conjugate selfdual
irreducible subrepresentations with parity (−1)n−1.
Then, we have
Sψ ' (Z/2Z)l.
and
Sψ '
{
(Z/2Z)l if every mi are even,
(Z/2Z)l−1 otherwise.
2.1.4. Associated L-parameters. Let F ′ = E (resp. F ′ = F ) if E is a field (resp. E = F × F ). Then, for an
n-dimensional representation ψ of LF ′ × SL2(C), we define an associated L-parameter φψ of ψ by
φψ(w) = ψ(w,diag(|w|
1
2
F ′ , |w|
− 12
F ′ )),
where we regard | · |F ′ as a character of LF ′ by LF ′ WF ′ W abF ′ ' F ′×.
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2.1.5. The local endoscopic classification. We fix a Whittaker datum w = (B, λ) of U(n), where B is a Borel
subgroup of U(n) and λ is a nondegenerate character of the unipotent radical N of B. The local endoscopic
classification says that each ψ ∈ Ψ(U(n)) associates a finite multi-set Πψ of irreducible unitary representations
of U(n) and there exists a map
Jψ = Jψ,w : Πψ → Sˆψ = {η ∈ Sˆψ | η(−1nS0ψ) = 1}
which depends on w. We make a few remarks:
• If E = F × F , then Πψ = {τφψ}, where τφψ is the irreducible representation of GLn(F ) which
corresponds to φψ by LLC (local Langlands correspondence) for general linear groups.
• When E is a field, there is a unique Whittaker datum of U(n) if n is odd, and there are exactly two
Whittaker data of U(n) if n is even. Thus Jψ is canonical if n is odd, and there are at most two Jψ
if n is even.
We extend the definition of Πψ to elements of Ψ
+(U(n)). Let ψ ∈ Ψ+(U(n)). When E is a field, we can
decompose ψ as
ψ = ξ1| · |r1E ⊕ ξ2| · |r2E ⊕ · · · ⊕ ξk| · |rkE ⊕ ψ0 ⊕ ξ∗k| · |−rkE ⊕ · · · ⊕ ξ∗1 | · |−r1E
with
• real numbers r1, . . . , rk such that r1 ≥ r2 ≥ · · · ≥ rk > 0,
• integers l1, . . . , lk, n0 such that n = n0 + 2
∑
i li,
• ψ0 ∈ Ψ(U(n0)), and
• li-dimensional irreducible representations ξ1, . . . , ξk such that ξi(WE) are bounded.
Then, we define a multi-set Πψ of representations (there is possibility that they are nonunitary or reducible)
by
Πψ = {τφξ1 | · |r1E × τφξ2 | · |r2E × · · · × τφξk | · |
rk
E o pi0 | pi0 ∈ Πψ0},
where τφξi is the irreducible representation of GLli(E) which corresponds to φξi by LLC for general linear
groups. When E = F × F , we can decompose ψ as
ψ = ξ1| · |r1F ⊕ ξ2| · |r2F ⊕ · · · ⊕ ξk| · |rkF
with
• real numbers r1, . . . , rk such that r1 ≥ r2 ≥ · · · ≥ rk
• integers l1, . . . , lk such that n =
∑
i li, and
• li-dimensional irreducible representations ξ1, . . . , ξk which satisfy that ξi(WF ) is bounded.
Then, we define Πψ by
Πψ = {IndGLn(F )P (F ) τφξ1 | · |r1F  τφξ2 | · |r2F  · · · τφξk | · |
rk
F }
for some parabolic subgroup P of U(n) = GLn. Since Sψ ' Sψ0 naturally in both cases, Jψ is defined in an
obvious way. We remark that if φ ∈ Φ(U(n)), then each element of Πφ has a unique irreducible quotient.
Moreover, the set Π′φ of the irreducible quotients of elements of Πφ is equal to the L-packet which corresponds
to φ.
For η ∈ Sˆψ, we denote by pi(ψ, η) the direct sum of all elements of Πψ which are mapped to η, in all cases.
2.1.6. Properties of the local endoscopic classification. We highlight some properties of the local endoscopic
classification. Let E be a field.
(a) Let φ ∈ Φbdd(U(n)). Then Jφ is injective and each element of Πφ is an irreducible tempered repre-
sentations of U(n)(F ). Moreover, Jφ is bijective if F is nonarchimedean.
(b) When we denote by Irr(U(n)) (resp. Irrtemp(U(n)) the set of equivalence class of irreducible repre-
sentations (resp. the set of irreducible tempered representations) of U(n)(F ), then
Irr(U(n)) =
⊔
φ∈Φ(U(n))
Π′φ
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and
Irrtemp(U(n)) =
⊔
φ∈Φbdd(U(n))
Πφ.
Moreover, when n = 1, the bijection between Irr(U(1)) and Φ(U(1)) is the following map
Irr(U(1))↔ Φ(U(1)),
γ 7→ γˇ,
where γˇ is defined by γˇ(α) = γ(α/αc) for α ∈ E× 'W abE .
(c) Let ψ ∈ Ψ+(U(n)). Then, the all elements of Πψ have the same central character ωψ, which corre-
sponds to det ◦ψ.
(d) ([Mok15, Proposition 8.4.1]) Let ψ ∈ Ψ(U(n)). Then, Π′φψ is a subset of the set of multiplicity-free
elements of Πψ. Moreover, the following diagram
Πφψ
Jφψ //
 _

Sˆφψ _

Πψ
Jψ // Sˆψ
commutes, where Sˆφψ → Sˆψ is the map induced by the inclusion Sψ → Sφψ and Πφψ → Πψ is the
inclusion map. Especially, pi(ψ, 1) 6= 0.
(e) ([Mok15, Lemma 8.2.2]) Let F be a nonarchimedean field. Let ψ ∈ Ψ(U(n)) be trivial on {1WF } ×
SL2(C) × {1SL2(C)}. For this ψ, we define φˆ ∈ Φbdd(U(n)) by φˆ(w, g) = ψ(w, 1, g) for (w, g) ∈ LE .
Then, the Aubert involution induces a bijection between Πφˆ and Πψ where the following diagram
Πφˆ
Jφˆ //
OO

Sˆ φˆOO

Πψ
Jψ // Sˆψ,
commutes, where Sˆ φˆ ↔ Sˆψ is the natural isomorphism. Especially, Jψ is bijective.
(f) ([Mok15, Theorem 2.5.1]) Let F be a nonarchimedean field and let U(n) be unramified. We denote
the inertia group of WE by IE . Then, for ψ ∈ Ψ(U(n)) which is trivial on IE × SL2(C)× {1SL2(C)},
the representation J−1ψ (1) in Πφψ is the unique unramified representation of Πψ.
(g) (See [Ato17a], for example.) Let φ ∈ Φ(U(n)). If pi ∈ Π′φ is w-generic i.e. HomN (pi, λ) 6= 0, then
pi corresponds to the trivial character. Moreover, if φ ∈ Φbdd(U(n)) then Πφ contains the unique
w-generic element.
2.2. Global theory. Secondly we make a survey of the global endoscopic classification. Let F be a number
field.
2.2.1. Global parameters. We think about a formal commutative sum as follows:
ψ = li=1kiµi  [mi].
Here,
• ki, ni,mi ∈ Z>0 are positive integers which satisfy
∑
i kinimi = n,
• µi is an irreducible unitary cuspidal representation of GLni(AE),
• [mi] is the irreducible mi-dimensional algebraic representation of SL2(C), and
• µi[mi] (we often suppress  and write µi[mi] for short) is a formal tensor product of µi of GLni(AE)
and [mi] which satisfy that if µi = µj and mi = mj , then i = j.
We say that ψ is a global discrete A-parameter of U(n) if
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• ki = 1 for all i (discreteness),
• the Asai L-function L(s, µi,As(−1)
mi+n
) (see [GGP12, §7]) has a simple pole at s = 1.
We denote by Ψ2(U(n)) the set of global discrete A-parameters of U(n).
For ψ ∈ Ψ2(U(n)), we formally define Sψ = O(1,C)l ' (Z/2Z)l. Furthermore, we put Sψ ' (Z/2Z)l and
Sψ ' (Z/2Z)l−1 similar to the local case.
2.2.2. Localization. For above ψ, we can define the localization ψv of ψ at a place v of F . Namely, if
ψ = li=1µi  [mi] then
ψv = ⊕li=1µi,v  [mi],
where µi,v are representations of LEv correspond to the v-th component of µi by LLC for general linear
groups. If ψ ∈ Ψ2(U(n)), then ψv ∈ Ψ+(U(n)v). Moreover, there is a natural homomorphism
Sψ → Sψv
and it induces homomorphisms
Sψ → Sψv
and
Sψ → Sψv .
2.2.3. The global endoscopic classification. We fix a global Whittaker datum w = (B, λ) of U(n). Here,
B is a Borel subgroup of U(n) and λ = ⊗vλv is a nondegenerate character of N(AF ) which is trivial on
N(F ), where N is the unipotent radical of B. We denote by wv = (Bv, λv) the localization of w at v. For
ψ ∈ Ψ2(U(n)), we define a multiset Πψ = ⊗′vΠψv by
Πψ = ⊗′vΠψv := {⊗′vpiv |piv ∈ Πψv , Jψv (piv) = 1 for almost all v}
and for η ∈ Sˆψ = {η ∈ Sˆψ | η(−1, · · · ,−1) = 1}, we define
Πψ(η) = {⊗′vpiv ∈ Πψ | ⊗v Jψv (piv)Sψ = η},
where Jψv = Jψv,wv and Jψv (piv)Sψ is defined as the composition of Sψ → Sψv and Jψv (piv). Then, the endo-
scopic classification claims that the discrete spectrum L2disc(U(n)(F )\U(n)(AF )) of L2(U(n)(F )\U(n)(AF ))
is decomposed as
L2disc(U(n)(F )\U(n)(AF )) =
⊕
ψ∈Ψ2(U(n))
L2ψ,
where
L2ψ =
⊕
pi∈Πψ(ψ)
pi
for each ψ ∈ Ψ2(U(n)) and ψ is the character of Sψ which is defined by a root number (see [Art13, p.47] or
[Mok15, p.34]).
By (e) in §2.1.6, there is a natural injection from the set of near equivalence classes of irreducible discrete
automorphic representations of U(n)(AF ) to Ψ2(U(n)).
Remark 2.1. Today the above results are generalized to nonquasisplit unitary groups by Kaletha, Minguez,
Shin and White [KMSW14].
3. Ikeda lifts and Miyawaki lifts
The Ikeda lift and the Miyawaki lift are kinds of liftings both established by Ikeda. The origin of the
Ikeda lift is [Ike01], in which Ikeda gave a construction of Siegel modular forms from elliptic modular forms.
Furthermore, he gave Hermitian analogue in [Ike08]. After that, he gave the representation-theoretical Ikeda
lift in [IY15] with Yamana. In addition, Kim and Yamauchi gave the E7 analogue in [KY16].
The origin of the Miyawaki lift is [Ike06], in which Ikeda gave a construction of Siegel modular from
another Siegel modular forms by using diagonal restrictions of Ikeda lifts as kernel functions. There are also
some analogues of the result for other groups: the unitary group analogue by Atobe and Kojima [AK18],
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and the GSpin(2, 10) analogue by Kim and Yamauchi [KY18]. Recently, Atobe constructed and studied the
representation-theoretical Miyawaki lift for symplectic/metaplectic groups [Ato17b].
In this section, we redefine the Ikeda lift and the Miyawaki lift for unitary groups in terms of the endoscopic
classification.
For convenience, we put
J ′2n =
(
Jn
−Jn
)
and let
GU(n, n) = {g ∈ ResE/FGL2n | tgcJ ′2ng = ν2n(g)J ′2n, ν2n(g) ∈ GL1},
U(n, n) = ker(ν2n).
We identify GU(2n) with GU(n, n) by the following isomorphism
GU(2n)
∼−→ GU(n, n)
g 7→ ( 1n κ1n )g( 1n κ1n )−1.
We identify U(2n) with U(n, n) similarly.
In this section, we assume that F is always a number field. We denote by E/F = ⊗vEv/Fv the character
of A×F /F× which corresponds to the extension E/F by the class field theory.
3.1. Ikeda lifts. We fix n ∈ Z≥1. Let pi be an irreducible unitary cuspidal automorphic representation of
GL2(AF ) with central character n−1E/F . We denote by φ = φpi the (weak) base change lift of pi to GL2(AE).
Since φ has trivial central character, so it is selfdual. We fix an automorphic character χ of A×E such that
χ|A×F = 
n−1
E/F . Then we can regard the representation pi  χ of GL2(AF ) × A×E as an irreducible cuspidal
automorphic representation of GU(1, 1)(AF ) via the following map
(GL2 × ResE/FGL1)/{(a12, a−1) | a ∈ GL1} ' GU(1, 1),
(g, z)→ gz.
Then, the following map
pi  χ→ L2(U(1, 1)(F )\U(1, 1)(AF ))
f 7→ f |U(1,1)(AF )
is obviously nonzero. Moreover, it is easy to verify that all irreducible subrepresentation of the image of this
map are nearly equivalent and the standard base change of them is equal to the automorphic representation
φχ = φpi,χ := φ⊗ (χ ◦ det)
of GL2(AE). Especially, φχ is a discrete A-parameter of U(1, 1). Thus we obtain that
ψ = ψpi,n := φ[n]
is a discrete A-parameter of U(n, n).
Since we can easily to verify Sφχ ' Sψ, S(φχ)v ' Sψv for any v and φχ = ψ = 1, we can redefine Ikeda
lifts as follows.
Definition 3.1. For an irreducible subrepresentation τ = ⊗vpi((φχ)v, ηv) of L2φχ , we put
In(τ) = In(τ, χ) := ⊗vpi(ψ, ηv).
We call this automorphic representation of U(n, n)(AF ) the Ikeda lift of τ (with respect to the fixed Whittaker
datum).
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3.2. Types of φ and φv. For convenience, we classify the parameter φ. In the following table, p(µ) = b
means that µ is conjugate selfdual with parity b.
type φ Sψ Sψ details
1 µ2 O(1,C) {1} µ2:irr. cusp. repn. of GL2(AE), µ2 = µ∨2 , p(µ2) = (−1)n
2 µ1  µ−11 O(1,C)2 Z/2Z µ1:irr. cusp. repn. of GL1(AE), µ1 6= µ∨1 , p(µ1) = (−1)n
Let v be a place of F which does not split in E. Let us classify the parameter φv similarly to the global
one. We also define p similarly to the global one.
type φv Sψv Sψv details
1-1 µ2 O(1,C) {1} µ2:irr. and 2-dim., µ2 = µ∨2 , p(µ2) = (−1)n
1-2 µ1[2] O(1,C) {1} µ1:1-dim., µ1 = µ∨1 , p(µ1) = (−1)n−1
2-1 µ1 ⊕ µ−11 O(1,C)2 Z/2Z µ1:1-dim., µ1 6= µ∨1 , p(µ1) = (−1)n
2-2 2µ1 O(2,C) Z/2Z µ1:1-dim., µ1 = µ∨1 , p(µ1) = (−1)n
3 ξ ⊕ ξ−1 SL2(C) or GL1(C) {1} ξ:1-dim., ξ = ξc, [ξ = ξ∗ ⇒ p(ξ) = (−1)n−1]
Let us make a few remarks about them:
• If φ is of type 2, then φv can only be of type 2-1 or 2-2 for any v.
• For each archimedean place v of F , φv can only be of type 2-1, 2-2 or 3.
3.3. Some properties of A-packet Πψv . We show some basic properties of Πψv .
Lemma 3.2. Let v be nonarchimedean. Then, each element of Πψv is irreducible, Πψv is multiplicity free,
and Jψv is bijective.
Proof. If v splits in E, then the unique element of Πψv is irreducible because of Ramanujan bound. Therefore
we can assume that v does not split in E. Then this lemma follows from (e) in §2.1.6 and Ramanujan bound
except that φv is of type 1-2, so we assume that φv = µ1[2][n] for some µ1. We only need to show is the
irreducibility of the unique element pi(ψv, 1) of Πψv .
If n = 1 then that is follows from (a) in §2.1.6, so we assume n > 1. Then, by the similar discussion in
Proposition 5.9 of [Xu17], we have
pi(ψv, 1) = | · |
1
2
Ev
〈IndGLn(E)B µ1| · |
−n2
Ev
 · · · µ1| · |
n
2
Ev
〉o 1U(1) 	
 ⊕
pi′∈Πµ1[1][n+1]⊕µ1[1][n−1]
pi′

as an element of the Grothendieck group of representations of U(n, n), where B is the Borel subgroup of
GLn(E) which consists of upper triangular elements and 〈IndGLn(E)B µ1| · |
−n2
Ev
 · · ·µ1| · |
n
2
Ev
〉 is the maximal
semisimple subrepresentation of Ind
GLn(E)
B µ1| · |
−n2
Ev
 · · · µ1| · |
n
2
Ev
. It is easy to verify that
〈IndGLn(E)B µ1| · |
−n2
Ev
 · · · µ1| · |
n
2
Ev
〉 = µ1 ◦ det,
so the length of | · | 12Ev 〈Ind
GLn(E)
B µ1| · |
−n2
Ev
 · · · µ1| · |
n
2
Ev
〉o 1U(1) is 3 by [KS97, Theorem 1.2]. On the other
hand, #Πµ1[1][n+1]⊕µ1[1][n−1] = 2 by (e) in §2.1.6. Thus pi(ψv, 1) is irreducible. 
For archimedean places, the following holds by [MR19, The´ore`me 1.3].
Lemma 3.3. If v is archimedean, then Πψv is multiplicity free.
We note that above lemmas lead the following.
Corollary 3.4. L2ψ is multiplicity free.
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Remark 3.5. When v is archimedean, we can determine Πψv in terms of cohomological induction ([MR19],
see §4.5). In contrast to the nonarchimedean case, the elements of Πψv are not always irreducible.
Lemma 3.6. Let pi = pi(ψv, η) 6= 0. Then pi has a globalization i.e. a nonzero subrepresentation p˙i =
⊗v′pi(ψv′ , ηv′) of L2ψ such that η = ηv.
Proof. If characters {ηv′}v′ 6=v of Sψ′v (v′ 6= v) satisfy
(⊗v′ 6=vηv′Sψ )⊗ ηSψ = 1
and ηv′ = 1 for all archimedean place and almost all nonarchimedean place v
′ 6= v, then the representation
⊗v′ 6=vpi(ψv′ , ηv′)⊗pi(ψv, η) is a nonzero (by Lemma 3.2 and (d) in §2.1.6) subrepresentation of Lψ, so we need
to do is to find such {ηv′}v′ 6=v. If φ is of type 1 or η = 1, then we can take ηv′ = 1 for all v′ 6= v. Therefore we
assume that φ is of type 2 and η 6= 1 (necessarily v does not split in E). Then Sψ ' Sψv ' Z/2Z and η = −1
as a character of Z/2Z. We take a finite place v′′ 6= v of F which does not split in E. Since Sψv′′ ' Z/2Z,
we can take ηv′ = 1 for all v
′ 6= v, v′′ and ηv′′ = −1. 
Lemma 3.7. If n is even, then the labeling Jψv of Πψv does not depend on Whittaker data.
Proof. The lemma is obvious if #Πψv = 1, so we assume that ψv is of type 2-1 or 2-2. Then, pi(ψv, 1) is
irreducible. It follows from Lemma 3.2 if v is nonarchimedean. For archimedean places, we discuss in §4.5.
Since #Π′φψv = 1, pi(ψv, 1) is equal to the unique element of Π
′
φψv
by (d) in §2.1.6. Especially, pi(ψv, 1)
does not depend on Whittaker data. Since Sψv ' Z/2Z, pi(ψv,−1) also does not depend on Whittaker data.
Therefore this lemma holds. 
Lemma 3.8. Let n be even. Then, for any nonarchimedean place v, each element of Πψv is fixed by the
actions of GU(n, n)(Fv) induced by the conjugation.
Proof. If v splits in E, then the action of GU(n, n)(Fv) on the set of representations of U(n, n)(Fv) is trivial
because GU(n, n)(Fv) is generated by U(n, n)(Fv) and the center of GU(n, n)(Fv). Thus we can suppose
that v does not split in E. We fix a ∈ F× \NEv/Fv (E×v ). Then, {12n, εa =
(
1n 0
0 a1n
)} is a complete system
of representatives of
GU(n, n)(Fv)/E
×
v U(n, n)(Fv) ' {±1}.
Firstly pi(ψv, 1) is the unique irreducible quotient of the following standard module
pi′ = τφv |det |
n−1
2 × τφv |det |
n−3
2 · · · × τφv |det |
1
2 o 1U(0)
by Lemma 3.2, where τφv is the irreducible representation of GL2(Ev) which corresponds to φv. Since εa
acts trivially on the Levi factor (' GL2(Ev)n2 ), pi′ is equivalent to pi′εa . Thus pi(ψv, 1) ' pi(ψv, 1)εa holds.
Secondly we take pi ∈ Πψv in general. We take a globalization p˙i by Lemma 3.6. Since p˙iεa is an automorphic
representation of U(n, n)(AF ) which satisfies p˙iεav′ ' p˙iv′ for almost all places v′, p˙iεa is also a subrepresentation
of L2ψ. Thus we have pi
εa ∈ Πψv . Since #Πψv ≤ 2, we conclude piεa ' pi. 
Remark 3.9. Lemma 3.8 does not hold if n is odd. The fact is maybe one reason that Yamana’s construction
of Ikeda lifts [Yam19] is not for U(n, n) but GU(n, n).
3.4. Miyawaki lifts. Let n, pi, φ, χ, φχ, ψ be as above. We take a positive integer m ≤ n. Let V1 be a
nondegenerate m-dimensional Hermitian space over E and let V2 a nondegenerate (2n − m)-dimensional
Hermitian space over E. We put V = V1 ⊥ V2. Then, there is a natural embedding
i = iV1,V2 : U(V1)×U(V2) ↪→ U(V ).
For simplicity, we assume that U(V ), U(V1), and U(V2) are quasisplit i.e. the dimension of anisotropic
space of V1 is at most one and V2 = V
−
1 ⊥ Hn−mE , where HE is the nondegenerate 2-dimensional isotropic
Hermitian space and V −1 is the Hermitian space such that V1 ⊥ V −1 = HmE . Let ψ′ be a discrete A-parameter
of U(V1). Then, we define a parameter Mψ(ψ′) by
Mψ(ψ′) = φ[n−m] ψ′∨.
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Here, if m = n then we regard φ[0] as the zero of . We note thatMψ(ψ′) may not be discrete A-parameter
of U(V2). For (not necessarily irreducible) representations Π ⊂ L2ψ and pi ⊂ L2ψ′ , we define MΠ(pi) as the
representation of U(V2)(AF ) generated by automorphic forms MF (f) defined by
MF (f)(g) =
∫
U(V1)(F )\U(V1)(AF )
F ◦ i(g, h)f(h)dh (F ∈ Π, f ∈ pi)
as long as all of them converge. Then, the following holds.
Proposition 3.10. We assume that MΠ(pi) ⊂ L2(U(V2)(F )\U(V2)(AF )) and Mψ(ψ′) ∈ Ψ2(U(V2)). Then,
MΠ(pi) ⊂ L2Mψ(ψ′).
Proof. By [AK18, §2] (the proofs of the propositions also works when m is odd), the near equivalence class
of MΠ(pi) corresponds to Mψ(ψ′). By the similar discussion in [Art11], MΠ(pi) is contained in the discrete
spectrum Ldisc(U(V2)(F )\U(V2)(AF )), so MΠ(pi) ⊂ L2Mψ(ψ′). 
We call MΠ(pi) the Miyawaki lift of Π with respect to pi. The definition is a representation-theoretical
redefinition of [AK18] and the unitary group analogue of [Ato17b].
Remark 3.11. The above proposition is only for quasisplit groups, but it is easy to generalize it for nonqua-
sisplit cases because we only need the information of near equivalence classes of automorphic representations
to prove it.
3.5. Main theorem. In this subsection, we state our main result. It determines Miyawaki lifts for quasisplit
unitary groups in the case that n = 2 and m = 1 explicitly.
Let n = 2 and let pi, φ, χ, φχ, ψ as above. We fix a global Whittaker datum w = (B2, λψF ) of U(2), where
λψF is defined by
λψF ((
1 κα
1 )) = ψF (α), α ∈ AF
(we note that ( 1 κα1 ) is identified with (
1 α
1 ) in GU(1, 1)(AF )). To describe our result simply, we assume that
ψFv is positive with respect to κ ∈ E× ⊂ E×v for each place v of F such that Ev ' C. Here, we define the
term “positive with respect to κ” as follows:
• Let F = R and let E be a quadratic extension of F . Let κ ∈ E× be a trace-zero element. We take ψ
to be a nontrivial character of F . Then there is a nonzero real number b such that ψ(x) = eibx for all
x ∈ F , where i is a fixed imaginary unit. Moreover, for each isomorphism ϕ : Ev ' C, the number
c = ϕ−1(i)b/κ is in R× and it does not depend on ϕ (and i). Following the above fact, we say that
ψ is positive if c is positive.
Let τ = ⊗vpi((φχ)v, ηv) be an irreducible (necessarily cuspidal) automorphic representation of U(1, 1)(AF )
with A-parameter φχ and γ = ⊗vγv an automorphic character of U(1)(AF ). We note that the A-parameter
of γ is γˇ = ⊗vγˇv (see (b) in §2.1.6). Then, the main theorem is as follows.
Theorem 3.12. We assume that φ 6= γˇ  γˇ−1, namely Mψ(γˇ) = φ  γˇ−1 ∈ Ψ2(U(3)). Let H2E = V1 ⊥ V2
be an orthogonal decomposition of H2E into a 1-dimensional subspace V1 and a 3-dimensional subspace V2.
We regard I2(τ) as an automorphic representation of U(H2E)(AF ) and γ as an automorphic character of
U(V1)(AF ). Then,
MI2(τ)(γ) ⊂ L2Mψ(γˇ)
as an automorphic representation of U(3)(AF ). Moreover,
MI2(τ)(γ) ' ⊗vσv,
where σv is given as follows:
(a) When v splits in E, σv is the irreducible representation of GL3(Fv) which corresponds to Mψ(γˇ)v.
(b) When v is nonarchimedean and v does not split in E, then there are two cases.
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(i) If φv 6= γˇv ⊕ γˇ−1v , then
σv = pi(Mψ(γˇ)v, (ηv,1Z/2Z))
under the identification
SMψ(γˇ)v = S(φχ)v ⊕ (Z/2Z).
(ii) If φv = γˇv ⊕ γˇ−1v , then
σv =
{
pi(Mψ(γˇ)v, (1SMψ(γˇ)v )) if ηv = 1S(φχ)v ;
0 otherwise.
(c) When v is archimedean and does not split in E, then there are two cases. We define a character χα
of C× for α ∈ Z by χα(reiθ) = eiαθ (r ∈ R>0, θ ∈ R/2piZ), and write
φv = | · |tχk ⊕ | · |−tχ−k, γˇv = χ2s,
where k ∈ Z≥0, t ∈ R and s ∈ Z .
(i) If t 6= 0 or k is odd or |2s| < k, then
σv = pi(Mψ(γˇ)v, (ηv,1Z/2Z))
under the identification
SMψ(γˇ)v = S(φχ)v ⊕ (Z/2Z).
(ii) If t = 0 and k is even and k ≤ |2s|, then
σv =
{
pi(Mψ(γˇ)v, (1SMψ(γˇ)v )) if ηv = 1S(φχ)v ;
0 otherwise.
Especially,MI2(τ)(γ) 6= 0 if and only if σv 6= 0 for each v. Furthermore,MI2(τ)(γ) is irreducible
if MI2(τ)(γ) 6= 0 .
Remark 3.13. • MI2(τ)(γ) does not depend on the choice of V1 (and V2). We have it by the following
two facts immediately:
(a) I2(τ) is stable under the conjugation of GU(2, 2)(F ) (see §4).
(b) For any other pair (V ′1 , V
′
2), we can take g ∈ GU(2, 2)(F ) such that ImiV ′1 ,V ′2 = g−1ImiV1,V2g.
We can obtain (b) as follows. We fix vectors 0 6= v ∈ V1, 0 6= v′ ∈ V ′1 and put 〈v, v〉 = a ∈ E×
〈v′, v′〉 = a′ ∈ E×, where 〈·, ·〉 is the Hermitian form on H2E . Then, we can take g1 ∈ GU(2, 2)(F )
such that 〈g1·, g1·〉 = aa′ 〈·, ·〉 since H2E is hyperbolic. By Witt’s theorem, there is an element g2 of
U(2, 2)(F ) such that g2g1v
′ = v. The element g = g2g1 of GU(2, 2)(F ) is what we want.
• We can regard that Atobe’s paper [Ato15] treats the nonvanishing problem of Miyawaki lifts for U(2)
and U(2) with respect to Hermitian Maass lifts.
4. Hermitian Maass lifts
In the classical setting, the Hermitian Maass lift means the Hermitian analogue of the Saito-Kurokawa lift
[Koj82]. Following this, we call the Ikeda lift of degree 2 the Hermitian Maass lift. The aim of this section
is to describe representation-theoretical Hermitian Maass lifts in terms of theta lifts. It is well-known in the
classical setting (see [Ato15]).
4.1. Overview. (Some undefined symbols which appear in the following sentences are defined in the bottom
of this subsection.) Let F be a number field. Let n = 2 and let pi, φ, χ, φχ, ψ be as in §3.5. Let τ =
⊗vpi((φχ)v, ηv) (implicitly we fix a Whittaker datum of U(2) as in §3.5). We put τ˜ = (τ  χ)|GL+2,AF , where
the representation τ  χ of U(1, 1)(AF )× A×E is regarded as a representation of GU(1, 1)+AF by the equation
GU(1, 1)
+
AF = A
×
EU(1, 1)(AF ). We regard τ˜ as a space of functions on GL
+
2,AF which are left GL
+
2,F -invariant.
Let θ2(τ˜) be the theta lift of τ˜ to GO(4, 2) (see §4.3). It is easy to verify that θ2(τ˜) is nonzero and square
integrable modulo center by the results about theta lifts for isometry groups [Yam14, Proposition 10.1]. Since
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θ2(τ˜) has the trivial central character (see §4.3), we can define H(τ) = H(τ, χ) as the image of the following
map
θ2(τ˜)→ L2(U(2, 2)(F )\U(2, 2)(AF )),
f 7→ (f ◦ j)|U(2,2)(AF ).
Here, j is the isomorphism j : PGU(2, 2) ' PGSO(4, 2) (see §4.2) and we regard f ◦j as an automorphic form
of GU(2, 2)(AF ) with the trivial central character. We note that H(τ) is nonzero because θ2(τ˜) is nonzero.
In this section, we will prove the following:
Theorem 4.1. H(τ) = I2(τ).
We introduce some additional notations. Let F be a global or local field. We put
S0 =
(
2 0
0 −2d
)
and
Sm =
 1Sm−1
1

for m > 0 inductively (we recall d = κ2). We define some algebraic groups over F as follows:
GO(m+ 2,m) = {g ∈ GL2m+2 | tgSmg = ν′m(g)Sm, ν′m(g) ∈ GL1},
O(m+ 2,m) = ker(ν′m),
GSO(m+ 2,m) = {g ∈ GO(m+ 2,m) |det g = ν′m(g)m+1},
SO(m+ 2,m) = O(m+ 2,m) ∩GSO(m+ 2,m).
We often denote ν′m by ν for short. We define a subgroup B
GO
m of GO(m+ 2,m) by
BGOm =


GL1 ∗ ∗ ∗ ∗ ∗ ∗
. . . ∗ ∗ ∗ ∗ ∗
GL1 ∗ ∗ ∗ ∗
GO(2, 0) ∗ ∗ ∗
∗ ∗ ∗
. . . ∗
∗


⊂ GO(m+ 2,m).
Furthermore, we define BOm, B
GSO
m , B
SO
m of O(m+ 2,m),GSO(m+ 2,m),SO(m+ 2,m) respectively by
BOm = B
GO
m ∩O(m+ 2,m),
BGSOm = B
GO
m ∩GSO(m+ 2,m),
BSOm = B
GO
m ∩ SO(m+ 2,m).
When F is a local field, we denote by τ1 × τ2 × · · · × τk o pi0 a normalized parabolic induction
Ind
GO(m+2,m)
PGO
τ1  τ2  · · · τk  pi0,
where
• l1, . . . , lk are positive integers such that m0 = m−
∑
i li ≥ 0,
• PGO is the parabolic subgroup of GO(m+ 2,m) containing BGOm whose Levi subgroup is isomorphic
to
∏
i GLli ×GO(m0 + 2,m0),
• τ1, . . . , τk, and pi0 are representations of GLl1 , . . . ,GLlk , and GO(m0 + 2,m0), respectively,
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• τ1  τ2  · · · τk  pi0 is regarded as a representation of PGO through the map
PGO 
∏
i
GLli ×GO(m0 + 2,m0),
g1 ∗ ∗ ∗ ∗ ∗ ∗
. . . ∗ ∗ ∗ ∗ ∗
gk ∗ ∗ ∗ ∗
g0 ∗ ∗ ∗
∗ ∗ ∗
. . . ∗
∗

7→ (g1, . . . , gk, g0).
For GSO(m+ 2,m),O(m+ 2,m), and SO(m+ 2,m), we define τ1 × τ2 × · · · × τk o pi0 similarly.
When F is a local field, let
GU(1, 1)
+
= GU(1, 1)
+
F = ker(E/F ◦ ν) ⊂ GU(1, 1)(F ), GL+2 = GL+2,F = GU(1, 1)+F ∩GL2(F ),
where E/F is the quadratic character of F
× which corresponds to E/F (resp. the trivial character of F×)
if E is field (resp. E = F × F ). When F is a global field, let
GU(1, 1)
+
AF = GU(1, 1)(AF ) ∩
∏
v
GU(1, 1)
+
Fv
, GL+2,AF = GU(1, 1)
+
AF ∩GL2(AF ).
4.2. Accidental isomorphism PGSO(4, 2) ' PGU(2, 2). We introduce the isomorphism j : PGU(2, 2) '
PGSO(4, 2). We basically follows [Mor14], but there are a few different notations.
Let
V = {B(x) | x = (x1, x2, x3, x4, x5, x6) ∈ F 6},
where
B(x) =

0 −x1 x2 −x3 + x4κ
x1 0 x3 + x4κ x5
−x2 −x3 − x4κ 0 x6
x3 − x4κ −x5 −x6 0
 .
We define a quadratic form 〈·, ·〉V on V by
〈B(x), B(x′)〉V = Tr(B(x)J t4B(x′)cJ4), x = (xi), x′ = (x′i) ∈ F 6.
Then,
〈B(x), B(x′)〉V = −2(2x′3x3 − 2dx4x′4 + x1x′6 + x6x′1 + x2x′5 + x′5x2)
= −2xS2tx′
so that GO(V, 〈, 〉V ) ' GO(4, 2). It is known that there is a constant α ∈ E×v such that αgBtg ∈ V for each
g ∈ GU(2, 2) and B ∈ V . Therefore the map
PGU(2, 2)→ PGSO(V, 〈, 〉V )
g 7→ [B 7→ αgBtg]
is a well-defined. Furthermore, it is isomorphism according to [Mor14, 2.1]. We denote the map
PGU(2, 2)
∼−→ PGSO(V, 〈, 〉V ) ∼−→ PGSO(4, 2)
by j. From now on, we often identify objects on PGU(2, 2) or PGSO(4, 2) with the pullbacks of them on
GU(2, 2) or GSO(4, 2). For example,
• an automorphic form of PGU(2, 2)(AF ) is regarded as an automorphic form of GU(2, 2)(AF ) with
trivial central character,
• a representation of GSO(4, 2)(Fv) with the trivial central character is regarded as a representation
of PGSO(4, 2)(Fv),
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For the following sections, we write the images of some elements of GU(2, 2) explicitly:
j


1
1
λ
λ

 =

λ−1
1
1
1
1
λ
 , λ ∈ GL1,
j


α
β
(βc)−1
(αc)−1

 =

N(αβ)
N(α)
αcβ
N(β)
1
 , α, β ∈ ResE/FGL1,
j
α A
(αc)−1 detA
 =
(NE/F (α) detA−1)A αc
A
 , α ∈ ResE/FGL1, A ∈ GL2.
(We often identify α = a+ bκ ∈ ResE/FGL1 with
(
a db
b a
) ∈ GSO(2, 0).)
4.3. Theta lifts. In this subsection, we introduce theta lifts. There are some styles to define the Weil
representation. To avoid confusion, we always adopt the one used in [GI16], which is a slightly modified
version of what is used in [Kud94].
We put ψE = ψF ◦ TrE/F . For k,m ∈ Z≥0, let
Rm = {(g, h) ∈ GL2 ×GO(m+ 2,m) | ν(g) = ν(h)}
and
R′k = {(g, h) ∈ GU(1, 1)×GU(2k + 1) | ν(g) = ν(h)}.
Symplectic-orthogonal case. Firstly, we define the local Weil representation and theta lifts. Let F be a local
field. Then, we define the Weil representation ωm = ωmψF of SL2 ×O(m+ 2,m) on S(F 2m+2) by
ωm(1, h)ϕ(x) = ϕ(h−1x), h ∈ O(m+ 2,m),
ωm
((
a 0
0 a−1
)
, 1
)
ϕ(x) = E/F (a)|a|m+1F ϕ(ax), a ∈ F×,
ωm (( 1 b0 1 ) , 1)ϕ(x) = ϕ(x)ψF (
1
2b
txSmx), b ∈ F,
ωm
((
0 −1
1 0
)
, 1
)
ϕ(x) = γ−1E/F
∫
F 2m+2
ϕ(−y′)ψF (txSmy′)dy′
for ϕ ∈ S(F 2m+2) and x ∈ F 2m+2. Here, dy is the selfdual Haar measure and γE/F is the Weil constant,
a 8-th root of unity (see [Kud94, 3]). Furthermore, by using the normalized left transition operator L of
GO(m+ 2,m) on S(F 2m+2) such that
L(h)ϕ(x) = |ν(h)|−(m+1)/2F ϕ(h−1x) h ∈ GO(m+ 2,m),
we extend the Weil representation ωm to Rm by
ωm(g, h) = ωm(g
(
1 0
0 ν(h)−1
)
, 1) ◦ L(h)
for (g, h) ∈ Rk(F ) (see [Rob96]) and put
Ωm = ΩmψF = ind
GL+2 ×GO(m+2,m)
Rm
ωm,
where we denote by ind the compact induction. If τ ′ is an irreducible admissible representation of SL2 (resp.
GL+2 ), the maximal τ
′-isotypic quotient of ωm (resp. Ωm) has the form
τ ′ Θm(τ ′),
where Θm(τ ′) is a smooth representation of SL2 (resp. GL+2 ). It is known that Θ
m(τ ′) has finite length
(see [Kud86] and [GG09, Lemma 3.1]). Moreover, the maximal semisimple quotient θm(τ ′) of Θm(τ ′) is
16 NOZOMI ITO
irreducible if Θm(τ ′) 6= 0 (Howe duality, see [How89], [Wal90], [GT16b] and [Rob96]). We note that the
central character of Θm(τ ′) is χ−1τ ′ E/F for an irreducible representation τ
′ of GL+2 , where χτ ′ is the central
character of τ ′. Furthermore, by the conservation relation [SZ15, Theorem 1.10, Theorem 7.6] and [GG09,
Lemma 3.1], the following holds immediately.
Lemma 4.2. Let τ ′ be an irreducible admissible representation of GL+2 and m ≥ 2. Then, θm(τ ′)|GSO(m+2,m)
is nonzero and irreducible.
Secondary we define the global Weil representation and theta lifts (we define them only for the similitude
case for simplicity). Let F be a number field and let ωm = ⊗vωmFv . For ϕ ∈ S(A2m+2F ) and a cusp form f of
GL+2,AF (i.e. a left GL2,F -invariant function on GL
+
2,AF such that ∫F\AF f(( 1 b1 ) g)db = 0 for each g ∈ GL2,AF ),
let
θmϕ (g, h) =
∑
γ∈F 2m+2
ωm(g, h)ϕ(γ) (g, h) ∈ Rm(AF )
and
θmϕ (f)(h
′) =
∫
SL2(F )\SL2(AF )
θmϕ (g0g
′, h′)f(g0g′)dg0 h′ ∈ GO(m+ 2,m)(AF ),
where g′ ∈ GL+2,AF satisfies ν(h′) = ν(g′) (we note that the integral does not depends on the choice of g′). For
an irreducible cuspidal representation τ ′ of GL+2,AF , let θ
m(τ ′) be the representation of GO(m + 2,m)(AF )
generated by {θmϕ (f) | ϕ ∈ S(A2m+2F ), f ∈ τ ′}. We note that θm(τ ′) ' ⊗vθm(τ ′v) if θm(τ ′) is square integrable
modulo center.
For the next section, we note “tower property”. Our claim is for similitude groups, we can proof it similarly
to that for isometry groups [Ral84].
Lemma 4.3. Let m′ be a non-negative integer such that m′ ≤ m. We denote by Q the parabolic subgroup
of GO(m+ 2,m) such that BGOm ⊂ Q and the Levi subgroup MQ of Q is isomorphic to GL′m×GO(m−m′+
2,m−m′). Then, for each ϕ ∈ S(A2m+2F ) and cusp form f of GL+2,AF , the constant term θmϕ (f)NQ of θmϕ (f)
along the unipotent radical NQ of Q satisfies
θmϕ (f)NQ(h
′) =
∫
SL2(F )\SL2(AF )
∑
γ∈F 2(m−m′)+2
∫
Am′F
(ωm(g0g
′, h′)ϕ)
Rγ
0
 dRf(g0g′)dg0
for h′ ∈ GO(m+ 2,m)(AF ), where g′ is taken as above. Especially,
θmϕ (f)NQ(ul) = |det l1||ν(l0)|−m
′/2
∫
Am′F
θm−m
′
ϕR (f)(l0)dR
for u ∈ NQ(AF ) and l = diag(l1, l0, ∗) ∈ MQ(AF ) (l1 ∈ GLm′(AF ), l0 ∈ GO(m − m′ + 2,m − m′)(AF )),
where we define ϕR by x 7→ ϕ
((
R
x
0
))
for x ∈ A2(m−m′)+2F .
Unitary group case. Firstly let F be a local field and ρ a character of E× which satisfies that ρ|F× = E/F .
We define the Weil representation ω(k,ρ) = ω
(k,ρ)
ψF
of U(1, 1)×U(2k + 1) on S(E2k+2) by
ω(k,ρ)(1, h)ϕ(x) = ϕ(h−1x), h ∈ U(2k + 1),
ω(k,ρ)
((
a 0
0 (a−1)c
)
, 1
)
ϕ(x) = ρ(a)|a|(2k+1)/2E ϕ(acx), a ∈ E×,
ω(k,ρ) (( 1 b0 1 ) , 1)ϕ(x) = ϕ(x)ψE(
1
2b
txcJ2k+1x), b ∈ F,
ω(k,ρ)
((
0 −1
1 0
)
, 1
)
ϕ(x) = γ−1E/F
∫
E2k+1
ϕ(−y)ψE(txcJ2k+1y)dy
for ϕ ∈ S(E2k+2) and x ∈ E2k+2. Here, dy is the selfdual Haar measure and γE/F is the Weil constant which
is equal to the one in unitary group case. We extend ω(k,ρ) to R′k and define Ω
(k,ρ) = Ω
(k,ρ)
ψF
similarly to
ON MIYAWAKI LIFTS WITH RESPECT TO HERMITIAN MAASS LIFTS 17
symplectic-orthogonal group case. Then, for an irreducible admissible representation σ′ of U(2k + 1) (resp.
GU(2k + 1)), the maximal σ′-isotypic quotient of ω(k,ρ) (resp. Ω(k,ρ)) has the form
Θρ(σ′) σ′
where Θρ(σ′) is some smooth representation of U(1, 1) (resp. GU(1, 1)+). In this case, Howe duality is also
holds. We note that the central character of Θρ(σ′) is χ∗σρ for an irreducible representation σ
′ of GU(2k+ 1),
where χ∗σ′ = (χ
c
σ′)
−1 is the conjugate dual of the central character χσ′ of σ′. Moreover, Θρ(σ′) satisfies that
Θρ(σ′) ' χ∗σρΘρ(σ′0),
where σ′0 := σ
′|U(2k+1) (it is irreducible) and we regard the representation χ∗σρΘρ(σ′0) of E× × U(2k + 1)
as a representation of GU(2k + 1) through the isomorphism
E× ×U(2k + 1)/{z−1, z12k+1 | z ∈ U(1)} ∼−→ GU(2k + 1),
(α, g) 7→ αg.
Secondly let F be a number field and ρ = ⊗vρv an automorphic character of A×E which satisfies that
ρ|A×F = E/F and ω
(k,ρ) = ⊗vω(k,ρv)Fv . For ϕ ∈ S(A2k+1E ) and a cusp form f of GU(2k + 1)(AF ), we put
θρϕ(g, h) =
∑
γ∈E2k+1
ω(k,ρ)(g, h)ϕ(γ) (g, h) ∈ Rk(AF )
and
θρϕ(f)(g
′) =
∫
U(2k+1)(F )\U(2k+1)(AF )
θρϕ(g
′, h0h′)f(h0h′)dh0 resp. g′ ∈ GU(1, 1)+AF
where h′ ∈ GU(2k + 1)(AF ) satisfies ν(h′) = ν(g′) (we note that the integral does not depends on the
choice of h′). For an irreducible cuspidal automorphic representation σ′ of GU(2k+ 1)(AF ), let θρ(σ′) be the
representation of GU(1, 1)
+
AF generated by {θρϕ(f) | ϕ ∈ S(A2k+1E ), f ∈ σ′}. We note that θρ(σ′) ' ⊗vθρv (σ′v)
if θρ(σ′) is square integrable modulo center.
If we regard GU(2k + 1) as a subgroup of GO(2k + 2, 2k) by the identification F 4k+2 = E2k+1, then
ω(k,ρ)|R2k∩R′k(F ) = ω2k|R2k∩R′k(F )
for any local field F . Moreover, for irreducible admissible representations τ ′ and σ′ of GL+2 and GU(2k + 1)
the following identity (local see-saw identity)
HomGL+2
(Θρ(σ′), τ ′) ' HomGU(k+1,k)(Θ2k(τ ′), σ′)
holds. If F is global, there is a similar equation (global see-saw identity), namely∫
GU(2k+1)(F )A×F \GU(2k+1)(AF )
θρ(f1)(h)f2(h)dh =
∫
GL+2,FA
×
F \GL+2,AF
θ2k(f2)(g)f1(g)dg,
where f1 is a cusp form of GL
+
2,AF with central character χ1 and f2 is a cusp form of GU(2k + 1)(AF ) with
with central character χ2 such that χ2|A×F = χ
−1
1 E/F .
4.4. Determination of near equivalence class. We keep the notations of §4.1. For each finite place v of
F , let $v be a prime element of Fv and qv be the cardinality of residue field of Fv. In this subsection, we
show the following proposition.
Proposition 4.4. H(τ) ⊂ L2ψ.
Since A-parameters are determined by their near equivalence classes, what we need to do is to determine
(almost all) unramified components of H(τ) explicitly so we show the following lemma.
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Lemma 4.5. We assume that v splits or is unramified on E and that τv and χv and θ(τ˜v) are unramified.
Let χvχ
′
1o 1U(0)(Fv) be a induced representation which τv is an irreducible subrepresentation of, where χ′1 is
a some unramified character of E×v . Then, θ(τ˜v)|GSO(4,2)(Fv) ◦ j is an irreducible subquotient of
χ′∗1 | · |−
1
2
Ev
× χ′1| · |−
1
2
Ev
o | · |Fv
as a representation of GU(2, 2)(Fv) with the trivial central character.
Proof. First of all, θ(τ˜v)|GSO(4,2)(Fv) ◦ j is irreducible by Lemma 4.2. Furthermore, by the formulae in §4.2,
the equation
χ1 × χ2 o χ0 ◦ j = (χ1χ2 ◦N · χc0)× (χ1 ◦N · χ0)o χ−11
holds as a representation of GU(2, 2)(Fv) for any characters χ1, χ2 of F
×
v and χ0 of E
×
v ' GSO(2, 0)(Fv).
We only think about the case that v splits on E (if v is unramified on E, the proof is similar). Then
χvχ
′
1 o 1U(0)(Fv) is irreducible because of Ramanujan bound, so τv = χvχ′1 o 1U(0)(Fv). Since the central
character χvχ
′
1|U(1)(Fv) of τv is equal to χv|U(1)(Fv), we can write χ′1 = (χ′, χ′) for some (unramified) character
χ′ of F×v . Then, we have
τ˜v = Ind
GL2(Fv)
B(Fv)
χ′2  χ′−1,
where B is the subgroup of upper triangular matrices of GL2 and χ
′2χ′−1 is regarded a character of Bv by
χ′2  χ′−1(( a ∗a−1b )) = χ′2(a)χ′−1(b).
For s ∈ C and ϕ ∈ S(F 6v ), we define Z(s, ϕ) by the following integral
Z(s, ϕ) =
∫
F×v
ϕ(t(b, 0, . . . , 0))|x|sdx.
The above integral is holomorphic if ϕ(0) = 0. Further, for ϕ0 ∈ S(F 6v ) such that
ϕ(t(b1, . . . , b6)) =
{
1 if |bi| ≤ 1 for all i;
0 otherwise,
we have
Z(s, ϕ0) = C
1
1− qsv
for s ∈ C such that Res > 0, where C 6= 0 is a some constant. Thus Z(s, ϕ) have always has the meromorphic
continuation to all C which is holomorphic at any s 6= 0. Z(s, ϕ) satisfies the following equation
Z(s, ω2(g′, h′)ϕ) = |a|−s+3Fv |a′|sFv |ν(α)|
− 32
Fv
Z(s, ϕ) = δB(g
′)
1
2 δBGO2 (h
′)
1
2 |a|−s+2Fv |a′|s−2Fv |b′|−1Fv |ν(α)|
1
2
Fv
Z(s, ϕ)
for all
(g′, h′) =

(
a ∗
N(α) · a−1
)
,

a′ ∗ ∗ ∗ ∗
b′ ∗ ∗ ∗
α ∗ ∗
∗ ∗
∗

 ∈ (B ×BGO2 ) ∩R′2(Fv)
and ϕ ∈ S(F 6v ), where δB and δBGO2 are the modulus characters of B(Fv) and BGO2 (Fv) respectively. Taking
s 6= 0 such that χ′2 = | · |−s+2Fv (recall Ramanujan bound), we have a nonzero R2(Fv)′-map
ω2 → IndR2(Fv)BR(Fv)((χ′2  χ′−1) (χ′−2  | · |
−1
Fv
 χ′| · | 12Fv ◦ ν))|MR(Fv),
ϕ 7→ [(g, h) 7→ Z(s, ω2(g, h)ϕ)],
where BR = (B ×BGO2 ) ∩R2 and MR is its the Levi subgroup. We can see that the map
Ind
GL2(Fv)
B(Fv)
(χ′2  χ′−1) (χ′−2 × | · |−1Fv o χ′| · |
1
2
Fv
◦ ν)→ IndR2(Fv)BR(Fv)(χ′2  χ′−1) (χ′−2  | · |
−1
Fv
 χ′| · | 12Fv ◦ ν)|MR(Fv)
f 7→ f |R′2(Fv)
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is bijective R2(Fv)-map. Thus we have a nonzero GL2(Fv)×GO(4, 2)(Fv)-map
Ω2 → IndGL2(Fv)B(Fv) (χ′2  χ′−1) (χ′−2 × | · |
−1
Fv
o χ′| · | 12Fv ◦ ν)
by Frobenius reciprocity, so θ(τ˜v)|GSO(4,2)(Fv) ◦ j is a subquotient of
χ′−2 × | · |−1Fv o (χ′| · |
1
2
Fv
◦N) ◦ j = χ′∗1 | · |−
1
2
Ev
× χ′1| · |−
1
2
Ev
o | · |Fv .

There is a natural nonzero U(2, 2)(Fv)-map
χ′∗1 | · |−
1
2
Ev
× χ′1| · |−
1
2
Ev
o | · |Fv → χ′∗1 | · |−
1
2
Ev
× χ′1| · |−
1
2
Ev
o 1U(0)
and the irreducible unramified subquotient of χ′∗1 | · |−
1
2
Ev
× χ′1| · |−
1
2
Ev
o 1U(0) is equal to the unramified repre-
sentation which corresponds to φψv , so this lemma leads Proposition 4.4 immediately.
Corollary 4.6.
H(τ) ' ⊗v(θ2(τ˜v)|GSO(4,2)(Fv) ◦ j)|U(2,2)(Fv).
Proof. θ2(τ˜) is square integrable modulo center as already mentioned, so θ2(τ˜) ' ⊗vθ2(τ˜v). Therefore we
have to show the surjective map
θ2(τ˜)  H(τ)
is injective. We fix an irreducible subrepresentation pi of θ2(τ˜)|GSO(4,2)(AF ) ◦ j|U(2,2)(AF ) (as abstract repre-
sentation) whose image in H(τ) is nonzero. For a place v of F , the set S of irreducible subrepresentation of
θ2(τ˜v)|GSO(4,2)(Fv) ◦ j|U(2,2)(Fv) contain at most two distinct elements and the action of GU(2, 2)(Fv) on S is
transitive since θ2(τ˜v)|GSO(4,2)(Fv) ◦ j is irreducible and
GU(n, n)(Fv)/E
×
v U(n, n)(Fv) ' {±1} or {1}.
Then, piv ∈ S obviously. When v is nonarchimedean, we have piv ∈ Πψv by Proposition 4.4. Moreover, piv
is fixed by the action of GU(2, 2)(Fv) by lemma 3.8, so #S = 1, namely θ
2(τ˜v)|GSO(4,2)(Fv) ◦ j|U(2,2)(Fv) is
irreducible if v is nonarchimedean. Thus θ2(τ˜)|GSO(4,2)(AF )◦j|U(2,2)(AF ) is multiplicity free and any irreducible
subrepresentation pi′ of it satisfies piv ' pi′v for each nonarchimedean place v and pigvv ' pi′v for each archimedean
place v, where gv ∈ GU(2, 2)(Fv) (mod E×v U(2, 2)(Fv)). Then, by weak approximation theory, pig = pi′ for
some g ∈ GU(2, 2)(F ). Since H(τ) is stable (as an automorphic representation) by the action of GU(2, 2)(F ),
the image of pi′ in H(τ) is nonzero. Consequently, the map θ2(τ˜) to H(τ) is injective. 
4.5. The proof of Theorem 4.1. In this subsection, we prove Theorem 4.1. To prove it, the following
proposition plays an essential role.
Proposition 4.7. Let v be a place of F and τ ′ = pi((φχ)v, η′) ∈ Π(φχ)v and we put τ˜ ′ = (τ ′  χv)|GL+2,v .
Then, we have
(θ2(τ˜ ′)|GSO(4,2)(Fv) ◦ j)|U(2,2)(Fv) = pi(ψv, η′).
We show this proposition at the bottom of this section. It leads Theorem 4.1 as follows.
Proof of Theorem 4.1. By Lemma 4.5 and Proposition 4.7, we have H(τ) ' I2(τ) abstractly. Therefore we
have to show that L2ψ is multiplicity free, but we have seen it (Corollary 3.4). 
To prove Theorem 4.7, we use the following three lemmas.
Lemma 4.8. Each subrepresentation of (θ2(τ˜ ′)|GSO(4,2)(Fv) ◦ j)|U(2,2)(Fv) is an element of Πψv .
Proof. Since we can take a globalization of τ ′ by Lemma 3.6, Corollary 4.6 leads this lemma immediately. 
In the remaining two lemmas we assume that φv is of type 2-1 or 2-2 i.e. Ŝ(φχ)v ' Ŝψv ' {±1}. If φv is
of such type, then we put τ± = pi((φχ)v,±1) for short.
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Lemma 4.9. Let v be a nonarchimedean place of F which does not split in E. We assume that φv is of type
2-1 or 2-2 i.e. φv = µ1 ⊕ µ−11 for some character µ1 of E×v such that µ1|F×v = 1 (φv is of type 2-2 if and only
if µ1 = µ
−1
1 ). Then, θ
0(τ˜+) = µ1 holds.
Proof. By the the following see-saw
GO(2, 0) GU(1, 1)
+
GU(1) GL+2 ,
the equation
dimC HomGU(1)(Fv)(Θ
0(τ˜+), µ1) = dimC HomGL+2,Fv
(Θχvµ
−1
1 (µ1), τ+)
holds. By [GI16, Proposition 4.5],
τ+  χv = θχvµ
−1
1 (µ1)
so that
dimC HomGU(1,1)+Fv
(Θχvµ
−1
1 (µ1), τ+  χv) = 1
Since GU(1, 1)
+
Fv
= E×v GL2,Fv and the central character of Θ
χvµ
−1
1 (µ1) is χv,
dimC HomGL+2,Fv
(Θχvµ
−1
1 (µ1), τ+) = dimC HomGU(1,1)+Fv
(Θχvµ
−1
1 (µ1), τ+  χv)
holds. Thus θ0(τ˜+) = µ1 holds. 
In the last lemma we assume that v is archimedean. Before stating it, we prepare some notations. We put
G =
{
g ∈ GL4(C)
∣∣tgc ( 12 00 −12 ) g = ( 12 00 −12 )}
and we define an involution ϑ on G by ϑ(g) = (tgc)−1. Let
K = {g ∈ G | g = ϑ(g)} , T = {diag(eiθ1 , · · · , eiθ4) | θi ∈ R} ⊂ K.
Then K is a maximal compact subgroup of G and T is its maximal compact torus. If v is a place of F such
that Ev/Fv = C/R, we identify G and U(4)(Fv) by the following isomorphism
G
∼−→ U(4)(Fv)
g 7→ g0gg−10 ,
where
g0 =
√
2
−1

1 −1
1 −1
1 1
1 1
 ∈ GL2(R).
We denote by g0, k0, t0 the Lie algebras of G,K, T , respectively. Let g, k, t be the complexifications of g0, k0, t0,
respectively. We define ej , fj ∈ it∗0 ⊂ t∗ (j = 1, 2) by
ej : diag(a1, · · · .a4) 7→ ai
fj : diag(a1, · · · .a4) 7→ a2+j .
Let g = k + p be a Cartan decomposition. Then, the roots of k and p relative to t are
∆(k, t) = {±(e1 − e2),±(f1 − f2)}, ∆(p) = {±(ei − fj), |i, j ∈ {1, 2}},
respectively. We put
∆l,+ = {±(e1 − f2),±(e2 − f1)}, ∆l,− = {±(e1 − e2),±(f1 − f2)}
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and
∆v,+ = {(e1 − e2),−(f1 − f2), (e1 − f1),−(e2 − f2)},∆v,−,σ = {σ(ei − fj) | i, j ∈ {1, 2}}
for σ = ±1. We define ϑ-stable parabolic subalgebras q+ and q−σ (σ = ±) of g by
q+ = l+ ⊕ v+, q−σ = l− ⊕ v−σ ,
where l+, l− are Levi subalgebras of q+ and q−σ defined by
l+ = t⊕
⊕
α∈∆l,+
gα, l
− = t⊕
⊕
α∈∆l,−
gα,
and v+, v−σ are nilradicals of q
+ and q−σ defined by
v−σ =
⊕
α∈∆v,−,σ
gα, v
+ =
⊕
α∈∆v,+
gα.
Then, by [MR19], the following holds.
Lemma 4.10. Let v be an archimedean place of F such that Ev/Fv = C/R. We assume that φv is of type
2-1 or 2-2 i.e. φv = χ2k ⊕ χ−2k for some k ∈ Z≥0 (φv is of type 2-2 if and only if k = 0), where χt (t ∈ Z)
is defined by χt(re
iθ) = eitθ for r ∈ R>0, θ ∈ R/2piZ. Then, the elements of A-packet which corresponds to
ψv = χ2k[2]⊕ χ−2k[2] are described by using cohomological induction (in [KV95]):
pi(ψv, 1) = Aq+(λ
+
k ),
pi(ψv,−1) =
⊕
σ=±1
Aq−σ (λ
−
k,σ),
where
λ+k = (k − 1)(e1 − e2 − f1 + f2),
λ−k,σ = σ(k − 1)(e1 + e2 − f1 − f2).
Remark 4.11. • Since λ+k and λ−k,σ are in weakly fair range, pi(ψv,±1) are unitary. Moreover, each
component of pi(ψv,±1) above is irreducible if k ≥ 1 since λ+k and λ−k,σ are in good range in such
case. Though λ+0 and λ
−
0,σ is not in weakly good range, each component of pi(2χ0[2],±1) is zero or
irreducible as mentioned in [MR19, p.10]. We recall that pi(ψ′, 1) 6= 0 for any ψ′.
• By Blattner formula, the highest weights of K-types of Aq+(λ+k ) are contained in
S+k = k(e1 − e2 − f1 + f2) +
∑
α∈∆(p)∩∆v,+
Z≥0α
and the highest weights of K-types of Aq−σ (λ
−
k,σ) are contained in
S−k,σ = σ
(k + 1)(e1 + e2 − f1 − f2) + ∑
α∈∆(p)∩∆v,−,+
Z≥0α
 .
Then, the proof of Theorem 4.1 is as follows.
Proof of Theorem 4.1. We proof this theorem by three cases:
(1) Πψv is singleton i.e. v splits in E or φv is of type 1-1, 1-2, or 3,
(2) v is nonarchimedean and φv is of type 2-1 or 2-2,
(3) v is archimedean and φv is of type 2-1 or 2-2.
Let us see them from the top.
We assume (1). Then, by Lemma 4.8, it is sufficient to show that the unique element of Πψv , which is
described as an induced representation, is irreducible. If v is split or φv is of type 3, then it is led by the
Ramanujan bound. If φv is of type 1-1, 1-2, then this it holds by Lemma 3.2.
We assume (2). Then, θ2(τ˜±)|U(2,2)(Fv) is irreducible by Lemma 3.8 and by Lemma 4.8. Moreover,
• if θ2(τ˜−)|U(2,2)(Fv) 6= pi(ψv, 1), then θ2(τ˜−)|U(2,2)(Fv) = pi(ψv,−1) and
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• if θ2(τ˜+)|U(2,2)(Fv) 6= θ2(τ˜−)|U(2,2)(Fv), then {θ2(τ˜±)|U(2,2)(Fv)} = {pi(ψv,±1)}.
Thus it is sufficient to show that θ2(τ˜−)|U(2,2)(Fv) 6= pi(ψv, 1) and θ2(τ˜+)|U(2,2)(Fv) 6= θ2(τ˜−)|U(2,2)(Fv). By
Lemma 4.9 and the conservation relation [SZ15, Theorem 1.10] and [GG09, Lemma 3.1], we have θ1(τ˜−) = 0
and θ2(τ˜−) 6= 0.
First, let φv is type 2-1. Then Π(φχ)v is a supercuspidal L-packet. Therefore θ
2(τ˜−) is supercuspidal and
θ2(τ˜+) is not since θ
1(τ˜−) = 0 and Lemma 4.9. Especially θ2(τ˜+)|U(2,2)(Fv) 6= θ2(τ˜−)|U(2,2)(Fv). Since the
element of Πφψv is not supercuspidal, so that θ
2(τ˜−)|U(2,2)(Fv) 6= pi(ψv, 1).
Second, let φv = 2µ1 is type 2-2. Then, Π(φχ)v is equal to the set of irreducible subrepresentation of
Ind
U(1,1)(Fv)
B2(Fv)
µ1χv.
Therefore {τ0± = τ±|SL2(Fv)} is the L-packet of SL2(Fv) with L-parameter φ0 = 2Ev/Fv ⊕ 1 since
Ind
U(1,1)(Fv)
B2(Fv)
µ1χv|SL2(Fv) = IndSL2(Fv)(B2∩SL2)(Fv)Ev/Fv .
By [GG09, Lemma 3.1],
θ2(τ0±)|SO(4,2)(Fv) = θ2(τ˜±)|SO(4,2)(Fv).
By [AG17, Theorem 4.1], θ2(τ0−)|SO(4,2)(Fv) is the unique quotient of
St(| · | 12Fv )o 1SO(2,0).
Here, St(χ′) is the unique subrepresentation of
(χ′ ◦ det)⊗ IndGL2B | · |
1
2
Fv
 | · |− 12Fv
(B is the the subgroup of GL2 which consists of upper triangular matrices) for a character χ
′ of F×v . By the
Frobenius reciprocity, θ2(τ˜−)|GSO(4,2)(Fv) is the unique irreducible quotient of
St(| · | 12Fv )o | · |
− 12
Ev
ζ
for some character ζ of E×v which satisfies ζ|F×v = 1. By the formulae in §4.2, it is easy to verify that
St(| · | 12Fv )o | · |
− 12
Ev
ζ ◦ j = | · | 12Evζ o (St(1) ζ)
as a representation of GU(2, 2)(Fv), so θ
2(τ˜−1)|U(2,2)(Fv) is the unique quotient of
| · | 12Evζ o (St(1) ζ|U(1,1)(Fv)),
so the L-parameter of θ2(τ˜−)|U(2,2)(Fv) is ζ| · |
1
2
Fv
⊕ ζ[2]⊕ ζ∗| · |− 12Fv . Thus we have
θ2(τ˜−)|U(2,2)(Fv) 6= pi(ψv, 1).
Similarly, θ2(τ˜+)|U(2,2)(Fv) has L-parameter 2ξ| · |
1
2
Fv
⊕ 2ξ∗| · |− 12Fv for some ξ. Especially, θ2(τ˜+)|U(2,2)(Fv) 6=
θ2(τ˜−)|U(2,2)(Fv).
We assume (3). Then, it is sufficient to show the following:
(i) the irreducible representation of K whose highest weight is µ+k = k(e1 − e2 − f1 + f2) is a K-type of
(θ2(τ˜+)|GSO(4,2)(Fv) ◦ j)|U(2,2)(Fv),
(ii) for σ = ±, the irreducible representation of K whose highest weight is µ−k,σ = σk(e1 − e2 − f1 + f2)
is a K-type of (θ2(τ˜−)|GSO(4,2)(Fv) ◦ j)|U(2,2)(Fv).
Actually, since µ−k,± 6∈ S+k , and µ−k,± ∈ S−k,±, pi(ψv,−1) is a subrepresentation of (θ2(τ˜−)|GSO(4,2)(Fv) ◦
j)|U(2,2)(Fv) and Aq−σ (λ−k,σ) 6= 0 if (i) is true. (θ2(τ˜−)|GSO(4,2)(Fv) ◦ j)|U(2,2)(Fv) is a sum of at most two
distinct irreducible representations, so pi(ψv,−1) = (θ2(τ˜−)|GSO(4,2)(Fv) ◦ j)|U(2,2)(Fv). Similarly, we have
pi(ψv, 1) = (θ
2(τ˜+)|GSO(4,2)(Fv) ◦ j)|U(2,2)(Fv) if (ii) is true.
We denote by K ′ the maximal compact subgroup of GO(4, 2)(Fv) (and O(4, 2)(Fv)) which contains (the
pullback of) j−1(K). Firstly we can see that τ˜±|SL2(Fv) = D±(2k+1), where Dt is the (limit of) discrete series
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whose minimal U(1)(R)-type is (t) : eiθ 7→ eitθ for t ∈ Z. Since (±(2k + 1)) is of minimal degree in U(1)(R)-
types of D±(2k+1), there is a K ′-type of θ2(D±(2k+1)) = θ2(τ˜±)|O(4,2)(Fv) which correspond to (±(2k + 1))
and we can compute them explicitly by [Pau05, Proposition 4]. Since GO(4, 2)(Fv) = F
×
v O(4, 2)(Fv) and the
central character of θ2(τ˜±) is trivial, we have (i) and (ii) by simple computation using the formulae in §4.2.
(we note that (µ+k )
g = µ+k and (µ
−
k,+)
g = µ−k,− for g ∈ GU(2, 2)(Fv) \ E×v U(2, 2)(Fv)).

5. The proof of the main theorem
Let pi, χ, φ, φχ, ψ be as in §4. Let γ be an automorphic character of U(1)(AF ) such that φ 6= γˇ  γˇ−1.
Following §3.4, we define Mψ(γˇ) = φ  γˇ−1. Furthermore, let MI2(τ)(γ) be the Miyawaki lift of γ with
respect to I2(τ) and the following diagonal embedding
i : U(1)×U(3) ↪→ U(2, 2)
(α, h) 7→ δ
(
α
h
)
δ−1,
where
δ =

0 −κ 0 0
κ/2 0 κ/2 0
1 0 −1 0
0 0 0 1
 .
As already remarked in Remark 3.13, choice of embedding is not essential to define MI2(τ)(γ).
The aim of this section is to show the following proposition.
Proposition 5.1. MI2(τ)(γ) is contained in L2Mψ(γˇ). Moreover, any irreducible subrepresentation σ of
MI2(τ)(γ) satisfies that θχv γˇ
−1
v (σv ⊗ γv ◦ det) = τv for all v.
Though there is a gap between the main theorem (Theorem 3.12) and the above proposition, the following
results bridge it immediately:
• Proposition 4.5 of [GI16], which gives the theta correspondence of unitary groups over p-adic fields
for almost equal rank cases i.e. the cases that the difference of dimensions of underling spaces of two
unitary groups is one.
• Theorem 3.4 of [Pau00], which gives the theta correspondence of unitary groups over R for almost
equal rank cases.
• Theoreme 1 of [Mı´n08], which gives the theta correspondence of general linear groups over p-adic
fields.
• III.9 (resp. Proposition 2.2) of [Mœg89] (resp. [AB95]), which gives the theta correspondence of
general linear groups over R (resp. C).
5.1. Square integrability. Firstly, we show the square-integrability of MI2(τ)(γ).
Let F = θ2ϕ(f) ◦ j|U(2,2)(AF ) ∈ I2(τ) (f ∈ τ˜ , ϕ ∈ S(A6F )). Let P0 = M0U0 = B4, P1 = M1U1, and
P2 = M2U2 be the parabolic subgroups containing B4 such that the Levi subgroup Mi of Pi is isomorphic
to ResE/FGL1 × ResE/FGL1, ResE/FGL2, and GL1 × U(1, 1), respectively. For i = 0, 1, 2, let pri be the
projection of Pi on Mi. We note that the parabolic subgroup Qi = LiNi (i = 1, 2) of GO(4, 2) containing
BGO2 such that Levi subgroup Li of Qi is isomorphic to GL3−i ×GO(4− i, 2− i) corresponds to Pi via j.
We define the constant term Fi of F along Ui by
Fi(g) =
∫
Ui(F )\Ui(AF )
F(ug)du, g ∈ U(2, 2)(AF )
and put
sF = F − F2 −F1 + F0.
Then,
F = sF + (F1 −F0) + F2.
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We fix a Siegel set S4 of U(2, 2)(AF ) (see [MW95, I.2.1]) and regard sF , F1−F0, and F2 as functions on S4.
Then sF is bounded (see [MW95, I.2.12]), so all we have to do is is to evaluate the contribution of F1 − F0
and F2 .
Lemma 5.2. We have
∫
U(1)(F )\U(1)(AF ) F2(i(α, h))γ(α)dα = 0 for h ∈ U(3)(AF ).
Proof. Since the contribution of h can be absorbed into ϕ, we can assume h = 1. For α ∈ U(1)(AF ),
δ
(
α
1
)
δ−1 =

1
(1 + α)/2 −κ(1− α)/4
−(1− α)/κ (1 + α)/2
1

so the above integral is well-defined. Furthermore, for β ∈ A×E such that β/βc = α,
j(i(α, 1)) =

a −db/2
−2b a
β
a db/2
2b a
 .
Here, we identify β = a+ bκ ∈ A×E and
(
a db
b a
) ∈ GSO(2, 0)(AF ). Then, by Lemma 4.3, we have
F2 (i(α, 1)) = θ2ϕ(f)N2(j(i(α, 1)))
=
∫
A2F
θ0ϕR(f)(β)dR.
If θ0(τ˜) = 0, this lemma holds. We assume θ0(τ˜) 6= 0. Then, it is easy to verify that φ is of type 2 and
θ0(τ˜)|GSO(2,0)(AF ) = µ1 ⊕ µ−11 by the see-saw in Lemma 4.4. Since γ(α) = γˇ(β) and we assumed γˇ 6= µ±11 , so
this lemma holds in general. 
Lemma 5.3. F1 −F0 is bounded.
Proof. Let K4 be a maximal compact subgroup of U(2, 2)(AF ) such that B4(AF )K4 = U(2, 2)(AF ). Because
of the finiteness of ϕ for some maximal compact subgroup of GO(4, 2)(AF ), there is a finite subset {ϕj}j of
S(A6F ) and a finite set {cj}j of bounded function of K4, we have
F(gk) =
∑
j
cj(k)θ
2
ϕj (f)(j(g))
for g ∈ U(2, 2)(AF ) and k ∈ K4. Then, by Lemma 4.3 and the formulae in §4.2, we have
(F1 −F0)(ulk) =
∑
j
cj(k)
∫
A2F
sθ1ϕjR(f)(j ((
α ∗
β )))dR,
for u ∈ U2(AF ), k ∈ K4, and
l =

α ∗
β
(βc)−1 ∗
(αc)−1
 ∈ P0 ∩M1(AF ) (α, β ∈ A×E),
where sf ′ is the constant term of an automorphic form f ′ of GL2(AE) along some Borel subgroup of
ResE/FGL2. We note that the integral of right hand side of above equation is finite sum, namely there
are finite constants {ai}i and finite subset {Ri}i of A2F such that∫
A2F
sθ1ϕjR(f)(j ((
α ∗
β )))dR =
∑
i
aisθ
1
ϕjRi
(f)(j (( α ∗β ))).
Thus F1 −F0 is bounded. 
By above lemmas, MF (γ) is bounded. Thus the following holds by Proposition 3.10.
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Corollary 5.4. MI2(τ)(γ) ⊂ L2Mψ(γˇ).
5.2. See-Saw. Secondly, we describe MI2(τ)(γ) in terms of global theta lifts.
We embed GU(3) into GSO(4, 2) induced the following identification
F 6 ' E3
x
y
a
b
z
w
 7→
 x/κ− y/2a+ bκ
−z − wκ/2
 .
Furthermore, we put
e : GU(3) ↪→ GU(2, 2)
g 7→ i(det g/ν(g), g).
Then, we have the following lemma by easy computation.
Lemma 5.5. The following diagram commutes:
GSO(4, 2)
OO
 ?
GSO(4, 2) // // PGSO(4, 2)
j'

GU(3) 
 e // GU(2, 2) // // PGU(2, 2).
Let σ be an irreducible subrepresentation of L2Mψ(γˇ). We note that the central character of σ is γ
−1 and
σ is cuspidal.
Proposition 5.6. σ ⊂MI2(τ)(γ)⇔ θχγˇ
−1
(σ ⊗ γ ◦ det) = τ
Proof. Let Γ be an automorphic character of A×E such that Γ|U(1)(AF ) = γ and we extend f ∈ σ on
GU(3)(AF ) = U(3)(AF )A×E by
f(αg) = Γ(α)−1f(g)
for α ∈ A×E and g ∈ U(3)(AF ). and let Σ = σΓ−1, an extension of σ on GU(3)(AF ). Similarly, we identify
f ′ ∈ τ with the extension of it on GU(1, 1)+AF by χ. We note that the map f ′ 7→ f ′|GL+2,AF is the natural
bijection between τ and τ˜ . We take f ∈ σ, ϕ ∈ S(A3E), f ′ ∈ τ and we put F = θ2ϕ(f ′|GL+2,AF ) ◦ j|U(2,2)(AF ).
Firstly we have∫
U(1,1)(F )\U(1,1)(AF )
θχγˇ
−1
ϕ (f · γ(det))(g)f ′(g)dg =
∫
GU(1,1)+FA
×
F \GU(1,1)+AF
θχγˇ
−1
ϕ (f · Γ(det /ν))(g)f ′(g)dg
=
∫
GL+2,FA
×
F \GL+2,AF
θχγˇ
−1
ϕ (f · Γ(det /ν))(g)f ′(g)dg.
By the following see-saw
GO(4, 2) GU(1, 1)
+
GU(3) GL+2 ,
we have∫
GL+2,FA
×
F \GL+2,AF
θχγˇ
−1
ϕ (f · Γ(det /ν))(g)f ′(g)dg =
∫
GU(3)(F )A×F \GU(3)(AF )
θ2ϕ(f
′|GL+2,AF )(h)f(h)Γ(deth/ν(h))dh.
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Decomposing the variable h of the above integral into the following product h = βh0 (h0 ∈ U(2, 2)(AF ),
β ∈ A×E) we have∫
GU(3)(F )A×F \GU(3)(AF )
θ2ϕ(f
′|GL+2,AF )(h)f(h)Γ(deth/ν(h))dh
=
∫
U(3)(F )\U(3)(AF )
∫
E×A×F \A×E
F(i(β(βc)−1 deth0, h0))f(h0)γ(β(βc)−1 deth0)dβdh0
by Lemma 5.5. Finally, putting α = β(βc)−1 ∈ U(1)(AF ), we have∫
U(3)(F )\U(3)(AF )
∫
E×A×F \A×E
F(i(β(βc)−1 deth0, h0))f(h0)γ(β(βc)−1 deth0)dβdh0
=
∫
U(3)(F )\U(3)(AF )
∫
U(1)(F )\U(1)(AF )
F(i(α deth0, h0))f(h0)γ(α deth0)dαdh0
=
∫
U(3)(F )\U(3)(AF )
∫
U(1)(F )\U(1)(AF )
F(i(α, h0))γ(α)f(h0)dαdh0
=
∫
U(3)(F )\U(3)(AF )
MF (h0)f(h0)dαdh0,
so ∫
U(1,1)(F )\U(1,1)(AF )
θχγˇ
−1
ϕ (f · γ(det))(g)f ′(g)dg =
∫
U(3)(F )\U(3)(AF )
MF (h0)f(h0)dαdh0
holds. The equation means that
σ ⊂MI2(τ)(γ)⇔ θχγˇ
−1
(σ ⊗ γ ◦ det) ⊃ τ.
Since θχγˇ
−1
(σ ⊗ γ ◦ det) is irreducible or zero, this proposition holds. 
5.3. Reduction to local theta lifts. Lastly, we reduce the nonvanishing of global theta lifts to local theta
lifts by using Yamana’s result[Yam14].
Proposition 5.7. For an irreducible subrepresentation σ′ of L2Mψ(γˇ)⊗γˇ◦det, if θ
χv γˇ
−1
v (σ′v) 6= 0 for all v then
θχγˇ
−1
(σ′) 6= 0.
Proof. By [Yam14, Theorem 10.1], when L(σ′, s) has a pole at s = 0 and has no pole at s ∈ 12Z<0, where
L(σ′′, s) is the doubling L-function of σ′′. Since the functional equation
L(σ′, s) = (σ′, s)L(σ′∨, 1− s)
holds, what we need to show is that L(σ′∨, s) has a pole at s = 1 and has no pole at s ∈ 1 + 12Z>0. Let Sfin
(resp. S∞) be the set of finite (resp. infinite) places v of F where Ev 6= Fv ⊕ Fv and σ′v is not unramified.
Then, we have
L(σ′∨, s) = LGJ(φ⊗ γˇ−1 ◦ det, s)ζE(s)
∏
v∈Sfin
L(σ′∨v , s)(1− q−sEv )
LGJ(φv ⊗ γˇ−1v , s)
∏
v∈S∞
L(σ′∨v , s)
LGJ(φv ⊗ γˇ−1v , s)2(2pi)−sΓ(s)
,
where LGJ(ψ′, s) is the Godement-Jaquet L-function of automorphic representation ψ′ of a general linear
group, ζE(s) is the complete Dedekind Zeta function of E, and qEv is the cardinality of the residue field of
Ev. It is known that
• LGJ(φ⊗ γˇ−1 ◦ det, s) is holomorphic on Re(s) > 1 and nonzero at s = 1 ([JS76]) since φ 6= γˇ  γˇ−1,
• ζE(s) is holomorphic on Re(s) > 1 and has simple pole at s = 1,
• for v ∈ SfinunionsqS∞, L(σ′∨v , s) is holomorphic on Re(s) > 1 and nonzero at s = 1 since it is meromorphic
function with no zeros,
• for v ∈ Sfin, LGJ(φv ⊗ γˇ−1v , s) has no zero on Re(s) > 1 and no pole at s = 1 since it is a finite
product of some factors (1− qt−sEv )−1 where |Ret| ≤ 1/2,
• for v ∈ S∞, LGJ(φv ⊗ γˇ−1v , s) has no zero on Re(s) > 1 and no pole at s = 1 since it is a finite
product of some factors 2(2pi)−(s+λ+k/2)Γ(s+ λ+ k/2) where |Reλ| ≤ 1/2 and k ∈ Z≥0.
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Therefore L(σ′∨, s) has a pole at s = 1 and has no pole at s ∈ 1 + 12Z>0. 
By Corollary 5.4 and Proposition 5.7, Proposition 5.1 holds. As mentioned at the beginning of the section,
we have finished proving Theorem 3.12.
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